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Abstract
The momentum distribution and particle correlation due to the mass
difference were studied both in the case of the conventional expectation
value and in the case of q-expectation value, when the momentum distri-
bution is described by a Tsallis distribution with the entropic parameter
q ≥ 1. The magnitude of the momentum distribution for hard modes
increases as q increases, and the q-dependence of the momentum distri-
bution is quite weak for soft modes. The correlation at q > 1 is larger
than that at q = 1 for soft modes, while the correlation at q > 1 is smaller
than that at q = 1 for hard modes. The q-dependence of these quantities
in the case of q-expectation value is weaker than that in the case of the
conventional expectation value, respectively.
1 Introduction
Power-like distributions appear in various branches of science, and have been
studied by many researchers. An probable power-like distribution is a Tsallis
distribution which has two parameters: the temperature T and the entropic
parameter q. This distribution is applied to many phenomena, such as particle
distributions in high energy heavy ion collisions. It was shown that the mo-
mentum distribution in high energy collisions is described well by the Tsallis
distribution with q > 1.1–4
An extended statistics of the Boltzmann-Gibbs (BG) statistics is the Tsallis
statistics.5 The definition of the expectation value in the Tsallis statistics6, 7
differs that in the BG statistics. Therefore, the expectation value in the Tsallis
statistics differs that in the BG statistics even when the distribution is the same,
because the expectation value depends on the definition in the statistics. The
difference of the statistics is significant when the physical values are calculated.
The effective mass is affected by the distribution and the statistics. There-
fore, the effective mass was calculated in the Tsallis statistics.8–10 The mass
affected by the Tsallis distribution is different from that by the BG distribution.
The effective mass in the Tsallis statistics10 is also different from that in the
BG statistics11 even when the distribution is the same, because the definition
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of the expectation value in the Tsallis statistics is different from that in the BG
statistics. The phenomena caused by mass is affected by the distribution and
the statistics.
The mass difference causes the particle production and the correlation.12 It
was shown that a particle with momentum ~k is correlated with a particle with
momentum −~k.13, 14 Therefore, the momentum distribution and the correlation
between particles are affected by the distribution and the statistics.
The purpose of this paper is to clarify the momentum distribution and the
correlation due to mass difference caused by the difference of the distribution and
that by the difference of the statistics. The mass is affected by the distribution
and the statistics in high energy collisions. In this paper, pion mass is calculated
in the linear sigma model. The momentum distribution and the correlation are
studied, because these quantities are affected by the mass difference.
This paper is organized as follows. In section 2, we derive the momentum
distribution and the correlation due to mass difference. The effective pion mass
is also estimated when the distribution is power-like. In section 3, the momen-
tum distribution and the correlation are numerically estimated at high energies.
Last section is assigned for discussion and conclusion.
2 Momentum distribution and correlation
2.1 Momentum distribution and correlation caused by the
mass difference
In the present calculation, we assume that the mass m changes at time t = 0:
m =
{
m+ (t > 0)
m− (t < 0)
, (1)
where the positive sign indicates t > 0 and the negative sign for t < 0.
We introduce the energy ω±(~k) =
√
~k2 +m2± and annihilation operator
a±(~k) with the commutation relations,
[
a±(~k), a
†
±(
~l)
]
= δ(~k−~l) and
[
a±(~k), a±(~l)
]
=
0. The field φ(x) is expanded:
φ(x) =
∫
d~k√
(2π)3(2ω±(~k))
(
a±(~k)e
−ikx + a†±(
~k)eikx
)∣∣∣
k0=ω±(~k)
, (2)
where kx = k0t− ~k · ~x.
The requirements that the field φ(x) and the derivative dφ(x)/dt are contin-
uous at t = 0, lead to the following relations.
a+(~k) = cosh(θ(~k))a−(~k) + sinh(θ(~k))a
†
−(−
~k), (3a)
a†+(
~k) = cosh(θ(~k))a†−(
~k) + sinh(θ(~k))a−(−~k), (3b)
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where cosh(θ(~k)) and sinh(θ(~k)) are given by
cosh(θ(~k)) =
1
2
(√
ω+(~k)
ω−(~k)
+
√
ω−(~k)
ω+(~k)
)
, (4a)
sinh(θ(~k)) =
1
2
(√
ω+(~k)
ω−(~k)
−
√
ω−(~k)
ω+(~k)
)
. (4b)
The ground state |0,±〉 is defined by a±(~k) |0,±〉 = 0.
The momentum distribution is calculated when the mass changes at t = 0.
We assume that the momentum distribution is a Tsallis distribution f (r)(~k;T, q)
at t < 0:
〈a†−(
~k)a−(~l)〉
(r) =
[
f (r)(~k;T, q)
]r
δ(~k −~l) (r = 1, q). (5a)
where 〈O〉 represents the statistical average of the quantityO for the equilibrium
at t < 0. This average is simply given by 〈0,−|O |0,−〉 when the temperature
is 0 at t < 0. The superscript denoted as (r) distinguishes between the con-
ventional expectation value with a Tsallis distribution and the q-expectation
value. The value in the case of the conventional expectation value with a Tsallis
distribution corresponds to r = 1, and the value in the case of the q-expectation
value to r = q. The energies ω± depend on the mass which is r-dependent, and
we attach the superscript (r) to ω±. Therefore, the angle θ is also r-dependent:
θ = θ(r). The following expectation value for free particle satisfies
〈a−(~k)a−(~l)〉
(r) = 0. (5b)
The Tsallis distribution function f (r)(~k;T, q) for boson is given by
f (r)(~k;T, q) =
1[
1 + (q − 1)
(
ω
(r)
−
(~k)
T
)] 1
(q−1)
+
− 1
, (6)
where k := |~k|. The notation [x]+ represents x for x ≥ 0 and 0 for x < 0.
The parameter T is called temperature in this paper, because it is just the
temperature of Boltzmann-Gibbs statistics when q is equal to 1. The parameter
q is called entropic parameter. It is evident that the upper limit of k exists in
the case of q < 1.
Hereafter, we focus only on the case of q > 1, because it is reported in high
energy collisions that the value of q is larger than or equal to 1.
The quantity 〈a†+(
~k)a+(~l)〉
(r) is given by
〈a†+(
~k)a+(~l)〉
(r)
=
[(
cosh2(θ(r)(~k)) + sinh2(θ(r)(~k))
) [
f (r)(~k;T, q)
]r
+ sinh2(θ(r)(~k))
]
δ(~k −~l),
(7)
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and the momentum distribution in the unit volume is
1
V
dN
dk
=
k2
2π2
[(
cosh2(θ(r)(~k)) + sinh2(θ(r)(~k))
) [
f (r)(~k;T, q)
]r
+ sinh2(θ(r)(~k))
]
.
(8)
The following correlation C(r)(~k,~l) is calculated:
C(r)(~k,~l) =
〈a†+(
~k)a†+(
~l)a+(~k)a+(~l)〉
(r)
〈a†+(
~k)a+(~k)〉(r)〈a
†
+(
~l)a+(~l)〉(r)
. (9)
We apply the following approximation to the operators constructed from a†−(
~k)
and a−(~k) for free particle when q is close to 1, referring to the generalized
Wick’s theorem.15, 16 For example,
〈a−(~k)a
†
−(
~l)a−(~p)a
†
−(~q)〉
(r) ∼ 〈a−(~k)a
†
−(
~l)〉(r)〈a−(~p)a
†
−(~q)〉
(r)
+ 〈a−(~k)a−(~p)〉
(r)〈a†−(
~l)a†−(~q)〉
(r)
+ 〈a−(~k)a
†
−(~q)〉
(r)〈a†−(
~l)a−(~p)〉
(r). (10)
The correlations under the above approximation are given by
C(r)(~k,~l)~k 6=~l = 1, (11a)
C(r)(~k,~k)~k 6=~0 = 2, (11b)
C(r)(~k,−~k)~k 6=~0
= 1 +
cosh2(θ(r)(~k)) sinh2(θ(r)(~k))
(
2
[
f (r)(~k;T, q)
]r
+ 1
)2
{
cosh2(θ(r)(~k))
[
f (r)(~k;T, q)
]r
+ sinh2(θ(r)(~k))
([
f (r)(~k;T, q)
]r
+ 1
)}2 ,
(11c)
C(r)(~0,~0)
= 2 +
cosh2(θ(r)(~0)) sinh2(θ(r)(~0))
(
2
[
f (r)(~0;T, q)
]r
+ 1
)2
{
cosh2(θ(r)(~0))
[
f (r)(~0;T, q)
]r
+ sinh2(θ(r)(~0))
([
f (r)(~0;T, q)
]r
+ 1
)}2 .
(11d)
We focus on the distribution, Eq. (8), and the correlation, Eq. (11c), in the
next section.
2.2 Effective masses in the linear sigma model
The linear sigma model is described with N scalar fields, φ0, φ1, · · · , φN−1.
The Hamiltonian density of the linear sigma model is
H =
1
2
(
∂0φ
)2
+
1
2
(∇φ)
2
+
λ
4
(
φ2 − v2
)2
−Gφ0, (12)
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where φ2 =
∑N−1
i=0 φ
2
i ,
(
∂0φ
)2
=
∑N−1
i=0
(
∂0φi
)2
, and (∇φ)
2
=
∑N−1
i=0 (∇φi)
2
.
The parameter λ is a coupling constant and −Gφ0 represents the symmetry
breaking term.
The Hamiltonian density after an expectation value is taken is calculated:
The field φi is divided as φi = φic+φih, where φic is the condensate of the field
φi and φih is the remaining part. We take the expectation value with respect
to φih under the massless free particle approximation.
The expectation value 〈(φih)
2
〉 is estimated to obtain masses. A Tsallis
distribution in the massless case is given by
f (r)(~k;T, q)
∣∣∣
ω
(r)
−
=k
=
1[
1 + (q − 1)
(
k
T
)] 1
(q−1)
+
− 1
. (13)
The value 〈φih〉 is independent of suffix i under the massless free particle ap-
proximation (MFPA).17, 18 We introduce K
(r)
q to simplify the equation:
K(r)(T, q) := 〈(φih)
2〉MFPA =
∫
d~k
(2π)3
1
k
[
f (r)(~k;T, q)
∣∣∣
ω
(r)
−
=k
]r
(r = 1, q),
(14)
The value in the case of the conventional expectation value with a Tsallis distri-
bution is given by using K(1)(T, q) and the value in the case of the q-expectation
value is given by using K(q)(T, q).
The potential is tilted to the φ0 direction. The field φic (i 6= 0) is zero, and
φ0c satisfies the following equation:
(φ0c)
3
+
[
(N + 2)K(r)(T, q)− v2
]
φ0c −G/λ = 0 (r = 1, q). (15)
We represent the solution of the above equation as φ
(r)
0c . The mass squared(
m
(r)
i
)2
is given by10, 11
(
m
(r)
i
)2
= λ
[
(1 + 2δi0)
(
φ
(r)
0c
)2
+ (N + 2)K(r)(T, q)− v2
]
(r = 1, q).
(16)
The mass m
(r)
i is used to calculate the momentum distribution and correlation.
3 Numerical estimation
We apply the method in the case of mass modification at high energy heavy ion
collisions. We set the parameters of the model: the number of fields N is set
to 4, and the parameters λ, v, and G1/3 are set to 20, 89.4 MeV, and 119 MeV
respectively. At zero temperature, these values of the parameters correspond
to m
(r)
0 = 600 MeV, m
(r)
i = 135 MeV (i = 1, 2, 3), and pion decay constant
fπ = 92.5 MeV.
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Figure 1: Momentum distribution in the unit volume V −1dN/dk (left panel)
and correlation C(1)(~k,−~k;T, q) (right panel) in the range of 0 MeV < k ≤ 2000
MeV at T = 120 MeV for q = 1.00, 1.05, and 1.10 in the case of the conventional
expectation value.
The quantity mi (i = 1, 2, 3) is pion mass. In the present situation, the pion
mass for t < 0 is m
(r)
i (T, q) and the mass for t > 0 is m
(r)
i (T = 0, q). That is,
m
(r)
i =
{
m
(r)
i (T = 0, q) (t > 0)
m
(r)
i (T, q) (t < 0)
. (17)
First, the momentum distribution in the unit volume V −1dN/dk and corre-
lation C(r)(~k,−~k;T, q) for pion were calculated for various T and q in the case
of conventional expectation value (r = 1), where we describe the parameters T
and q explicitly. Figure 1 shows the quantities for pion at T = 120 MeV. The
entropic parameter q is 1.00, 1.05, and 1.10. The shapes of these curves are
quite similar. We represent the momentum at the peak of the distribution as
kp. The value kp is generally q-dependent. In Fig. 1, the value is approximately
500 MeV. The magnitude of the momentum distribution becomes to be large
for k > kp as q becomes to be large, while the magnitude does not change for
k < kp. The variation of the correlation softens as q increases. The value of the
correlation at q > 1 is larger than that at q = 1 for small k, and that at q > 1
is smaller than that at q = 1 for large k. The correlation, eq. (11c), diverges at
k =∞, because f (r)(~k;T, q) is zero and sinh θ(r)(~k) is zero at k =∞.
Figure 2 shows the ratio R(1)(~k,−~k;T, q) at T = 120MeV for q = 1.05 and
1.10 in the conventional expectation value, where the ratio is defined by
R(r)(~k,−~k;T, q) :=
C(r)(~k,−~k;T, q)
C(r)(~k,−~k;T, q = 1)
(r = 1, q). (18)
6
q=1.05
q=1.10
 0  500  1000  1500  2000
momentum       (MeV)k
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
R(
1) ( 
k,-
k;T
,q)
Figure 2: The ratio R(1)(~k,−~k;T, q) in the range of 0 MeV< k ≤ 2000 MeV at
T = 120 MeV for q = 1.05 and q = 1.10 in the conventional expectation value.
The ratio at q > 1 is smaller than 1 for large k. This fact is easily explained
by the mass difference. The mass at q > 1 is heavier than the mass at q = 1
for t < 0: m
(r)
i (t, q > 1) > m
(r)
i (t, q = 1). Therefore, | sinh θ
(r)(~k)| at q > 1 is
larger than | sinh θ(r)(~k)| at q = 1 from eq. (4). This indicates from eq. (11c)
that the correlation at q > 1 is smaller than that at q = 1 for large k, because
the distribution function can be ignored for large k.
Second, these quantities were calculated for various T and q in the case of
q-expectation value (r = q). Figure 3 shows the quantities for pion at T = 120
MeV. The entropic parameter q is 1.00, 1.05, and 1.10. The behavior in the q-
expectation value is similar to that in the conventional expectation value. The
q-dependence of the momentum distribution in the q-expectation value is weaker
than that in the conventional expectation value. Similarly, the q-dependence of
the correlation in the q-expectation value is weaker than that in the conventional
expectation value.
Figure 4 shows the ratio R(q)(T ; q) at T = 120 MeV in the q-expectation
value. The behavior in the case of q-expectation value is similar to that in the
case of the conventional expectation value. The effect of the distribution on the
correlation in the q-expectation value is weaker than that in the conventional
expectation value.
The difference in the correlation between the conventional and q-expectation
values is estimated by the quantity S(~k;T, q) which is defined by
S(~k;T, q) :=
C(q)(~k,−~k;T, q)
C(1)(~k,−~k;T, q)
. (19)
The quantity S(~k;T, q) as a function of k is given in Fig. 5.
The quantity S(~k;T, q) becomes to be constant as k increases, as shown in
Fig. 5, This behavior is understood from the the following relation for the pion
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Figure 3: Momentum distribution in the unit volume V −1dN/dk (left panel)
and correlation C(q)(~k,−~k;T, q) (right panel) in the range of 0 MeV< k ≤ 2000
MeV at T = 120 MeV for q = 1.00, 1.05, and 1.10 in the case of the q-expectation
value.
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Figure 4: The ratio R(q)(~k,−~k;T, q) in the range of 0 MeV< k ≤ 2000 MeV at
T = 120 MeV for q = 1.05 and q = 1.10 in the q-expectation value.
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Figure 5: The ratio S(~k;T, q) at T = 120 MeV for q = 1.05 and 1.10. The
range of k is 0 MeV < k ≤ 10000 MeV in the left panel, and the range of k is 0
MeV < k ≤ 1000 MeV in the right panel.
(i = 1, 2, 3):
lim
|~k|→∞
S(~k;T, q) =
[(
m
(1)
i (T = 0, q)
)2
−
(
m
(1)
i (T, q)
)2]2
[(
m
(q)
i (T = 0, q)
)2
−
(
m
(q)
i (T, q)
)2]2 . (20)
We note that m
(1)
i (T = 0, q) equals m
(q)
i (T = 0, q). It is apparent from the T
dependence of the mass that S(~k;T, q > 1) is greater than one for large k, as
seen in Fig. 5
In the right panel of Fig. 5, S(~k;T, q) is smaller than 1 when k is sufficiently
smaller than 500 MeV, and S(~k;T, q) is larger than 1 when k is sufficiently
larger than about 500 MeV. This indicates that the correlation C(1) is smaller
than C(q) for small k and that C(q) is larger than C(1) for large k.
4 Discussion and conclusion
We investigated the momentum distribution and particle correlation caused by
the mass difference, when the momentum distribution is given by a Tsallis
distribution. The conventional expectation value and the q-expectation value
were applied to calculate the effective masses.
The shape of the momentum distribution in the q-expectation value is similar
to that in the conventional expectation value, and the shape of the correlation
in the q-expectation value is also similar to that in the conventional expecta-
tion value. These similarities are explained by the fact that the values of the
quantities are determined by the mass.
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The q-dependence of the momentum distribution and the q-dependence of
the correlation for soft modes are different from those for hard modes, respec-
tively. The q-dependence of the momentum distribution is quite weak for soft
modes. For hard modes, the magnitude of the momentum distribution increases
as q increases. The correlation at q > 1 is larger than that at q = 1 for soft
modes which indicates that the momentum is lower than about 500 MeV in the
present case, while the correlation at q > 1 is smaller than that at q = 1 for
hard modes which indicates that the momentum is larger than about 500 MeV
in the present case. The q-dependence of the correlation for the soft mode is
different from that for the hard mode.
The difference due to the difference of the definition of the expectation value
were found: (1) The momentum distribution in the case of the q-expectation
value is smaller than that in the case of the conventional expectation value,
and (2) the particle correlation in the case of q-expectation value is weaker
than that in the case of conventional expectation for soft modes, while the
particle correlation in the q-expectation value is stronger than that in the case
of conventional expectation for hard modes. These results come from the fact
that the q-dependence of the mass in the case of q-expectation value is weaker
than that in the case of conventional expectation value.
In summary, the magnitude of the momentum distribution for hard modes
increases as q increases, while the q-dependence of the momentum distribution
is quite weak for soft modes. A particle with momentum ~k correlates with
a particle with −~k, and the magnitude of the correlation decreases for soft
mode and increases for hard mode, as q increases. The q-dependences of these
quantities in the case of q-expectation value are weaker than those in the case
of the conventional expectation value, respectively.
We hope that this work is helpful to understand the effects of power-like
distributions.
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